Chapter 10

Signal Sets with Low
Cross-Correlation

In this chapter, we introduce constructions for signal sets with low crosscorre-
lation. These sequences have important applications in wireless code division
multiple access (CDMA) communications. There are three classic constructions
for signal sets with low correlation, namely, the Gold-pair construction, the
Kasami (small) set construction and the bent function signal set construction.
In Section 1, we introduce some basic concepts and properties for crosscorre-
lation of sequences or functions, signal sets, and one-to-one correspondences
among sequences, polynomial functions, and boolean functions. After that,
three classic constructions will be presented in Sections 2, 3 and 4 respectively.
With the development of new technologies, the demand for constraints on other
parameters, such as linear spans of sequences, and the sizes of the signal sets
has increased. Here, we will provide two examples of constructions that sacri-
fice ideal correlation in order to improve other properties, in Sections 5 and 6,
respectively. One example is the interleaved construction for large linear spans,

and the other is Z4 sequences to obtain large sizes of signal sets.
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388 CHAPTER 10. SIGNAL SETS WITH LOW CROSS-CORRELATION

10.1 Cross-Correlation, Signal Sets, and Boolean
Functions

In this section, we discuss some basic properties of crosscorrelation of sequences
(some of them have been discussed in Chapter 1), refine the concept of sig-
nal sets, and introduce the one-to-one correspondence between sequences and
boolean functions (note that the one-to-one correspondence between sequences
and functions is discussed in Chapter 6).

We will keep the following notation in this section. Let p be any prime, n
a positive integer, ¢ = p”, and « a primitive element in F,. Let a = {a;} and
b = {b;} be two periodic sequences over [F, with periods v = p” —1 and ¢, where
t|v, respectively; let f(z) and g(z) be their respective trace representations, i.e.,

a; = f(a') and b; = g(a?). The crosscorrelation between a and b (see Chapter

5) is defined by
Can(T) = Swaw—bl, 7=0,1,--- (10.1)
i=0
where w is a primitive pth root of unity. Since t|v, we have
Capb(7) = Cap(r+ kt),k=0,1,---. (10.2)
10.1.1 Basic Properties of Cross-Correlation
Property 10.1 Let L be the left shift operator.

(a) If both a and b are shifted by k, then their crosscorrelation does not change,
i.e.,

CLka7Lkb(T) = Ca,b(T),O < k < v.

(b) Shift rule: the crosscorrelation of shifted versions of a and b is equal to the

crosscorrelation of a and b up to some shift, i.e.,
CL’a,ij(T) = Ca,b(T+ Z —]),0 S Z,] < v.

(¢) Commutative rule:

Ca7b(7') = Cb,a(—T).
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In other words, the crosscorrelation of a and b at 7 is equal to the complex
conjugate of the crosscorrelation of a and b at negative 7. In particular,
if p=2, then

Ca,b(T) = Cb,a(_T)-

(Here both 7 + j — i and —1 are reduced modulo v.)

(d) If both a and b are constant-on-cosets, so is their crosscorrelation function,
i.e.,

Cab(T) = Cap(pr),7=10,1,---.

Example 10.1 Let a and b be two binary sequences whose elements are given
by
a=000100110101111 and b = 011.

Let T consist of different values in the set
{CLz(a)’Lj(b)(T) [0<7<15,0<i<15,0<j<3}.

Note that both a and b are constant-on-cosets. According to Property 10.1-(b)
and 10.1-(d), in order to get the set T', we only need to compute Cqap(7) for
7 =0, 1. Since Cap(0) = =5 and Can(l) = 3, we have T' = {-5, 3}.

Next, we look at the crosscorrelation between the trace representations of
these two sequences. Let a be a primitive element in Fys« with minimal poly-
nomial z* 4+ z 4+ 1. Then the trace representations of a and b are given by
flz) =Tri(z) = z + 22 + 2* + 2% and g(z) = Tri(z®) = = + 2%, respectively.
Thus, Cy 4(A), the crosscorrelation between f and g (defined in Section 8.4 of
Chapter 8), takes the two values +4 for A # 0. Precisely, we have

CrgN) = D (=it

:L'G]F’24

14
— 1+Z(_1)al+r+b,
i=0

14 Cap(r) e {4}, A =0a".
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The following assertion follows immediately from the definitions of the shift

operator and the decimation operator.

Property 10.2 If f(z) is the trace representation of a, then f(a’z) and f(z")
are the trace representations of a at shift j, Li(a), and the r-decimation of a,

al") | respectively, i.e.,

Li(a) & flalz), (10.3)

a” o f). (10.4)

Recall that, in Chapter 8, we introduced the notation < a,b > to denote the

v—1

dot product (see Chapter 1) of x(a) and x(b) where x(x) = (w®,---,w” )
where x = (20, -+, z,—1) € [}, i.e.,
v—1 v—1
<a,b>= (x(a) - x(b) = 3 x(ax"(b:) = ) w7
i=0 =0

Some relationships between this dot product and the crosscorrelation function

of the sequences a and b are listed in Table 10.1 for easy reference.

Table 10.1: Relationship of the dot product and crosscorrelation

a,bel, r>0.

a) Cap(0) =<a,b>.

b) Cap(T) =< L7(a),b >.

¢)  Criarin(r) =< L*7(a), Li(b) >, i,j > 0.
d) <a+e,b+d>=wi"®<ab>, c,dch,.

(
(
(
(

Let f and g be two functions from Fp» to F,. The (Hamming) distance
between f and g , denoted by d(f,g), is defined as the number of # € F,n for

which f(z) # g(=), i.e.,
d(f,9) = {z € Fpn | f(2) # g(=)}]. (10.5)

The (Hamming) weight of f, denoted by w(f)), is defined as the number of
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z € F,» such that f(z) £0, i.e.,

w(f)) = {z € Fpn [ f(2) # 0}, (10-6)

Thus, we have
d(f,9) = w(f —9)), (10.7)

i.e., the distance between two functions f and g is equal to the weight of their
difference. For the binary case, we have the following frequently used rela-
tionships between crosscorrelation and (Hamming) weight, or distance between

sequences (or functions).
Property 10.3 Leta < f(z) and b < g(z) be two binary sequences where one
of them has period 2™ — 1. Then

Ca,b(T) +1

w(L”(a) + b) =9on-1_ 5

Conversely,

Cap(T)+1=2" —2w(L"(a) + b).

i

In the function version,
on—1 1 T
A(f 2, 9(2)) = 27 = SCp () A= o

Note. These formulae are similar to equation (5) for autocorrelation in
Section 7.3 of Chapter 8.
The next property indicates the crosscorrelation between a and a d-decimation

of b.

Property 10.4 For a « f(z) and b & g(z), recall that b has period t, where
t](2" —1). Let d > 1 satisfying ged(d,t) = 1. Then

Copan (1) = Cap (=d7'7), A =a”.
Fquivalently, in the function version,

— —-d7!
Crayg@)N) = Crayg@en(A™7 ), A € Fan.
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In other words, the image of the crosscorrelation between the sequence, a, and
the (d=1')-decimation of b, b(d_l), is equal to the image of the crosscorrelation

between a and the d-decimation of b, b(4).

Proof. According to the definition of crosscorrelation,

C1a,b(d_1) (T) +1 = Cf(:c),g(xd_l')()‘)

> (=1)f O +a* )

z€Fgn

- Z (_1)f(>\‘d_1y)+g(yd) (‘set & = A~1yd)
yEFn

= Ciepgen(A" )

10.1.2 Signal Sets

We mentioned the concept of signal sets with low crosscorrelation toward the

end of Section 5.1 of Chapter 5. Here we present it precisely.

Definition 10.1 Let s; = (80,851, Sjw—1),0 < j < 7, be r shift-distinct

p-ary sequences of period v. Let S = {sg,s1,-*+,s8,—1} and
d = max|Cs,s,(7)| for any 0 <7< v,0<4,j<r (10.8)

where 7 # 0 if i = j. The set S is said to be a (v,r,d) signal set, and § is
referred to as the maximum correlation of §. We say that the set S has low

crosscorrelation if § < ey/v where ¢ is a constant.

A sequence in S is also called a signal from the point of view of engineering
[157]. When we consider crosscorrelation between two sequences s; and s; in S,
we simply write C; ;(7) for Cs, s,(7). We also denote by C'(S) the image of all
the crosscorrelation functions of pairs of sequences in § and all the out-of-phase

autocorrelation functions of sequences in S, i.e.,

C'(S) is the set consisting of all distinct values in

(10.9)
{Cis; () [0< T <0, 0< 4, j<rmr#0ifi=j}.
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Thus, § = max.cc(s)|c[- Sometimes, we refer to C(S) as an image of the

correlation of S.

Remark 10.1 The maximum correlation between any pair of the sequences
in S is lower-bounded, approximately, by the square root of the length of the
sequences. (This was established by Welch in 1971 [184].)

Example 10.2 Let a and b be shift-distinct m-sequences of period 7, say
a=1110100 and b = 1001011.

Let
s;=Li(a)+b,0<j<T,

and S = {a,b} U {s;]0 < j < 7}. We may compute the sequences in S as

follows.

S
b= 1001011
a= 1110100
a= 1110100 a+b= 0111111
L(a) = 1101001 L(a)+b= 0100010
L%(a) = 1010011 L*(a) +b= 0011000
L3(a) = 0100111 L3(a) +b = 1101100
Li(a) = 1001110 L*(a) +b = 0000101
L5(a) = 0011101 L(a) +b= 1010110
LS(a) = 0111010 L5(a) +b = 1110001

Then all the sequences in S are shift-distinct. Since both a and b are m-
sequences with the constant-on-cosets property, the image C'(S) of the corre-
lation of § can be determined by the weight distribution of the sequences in
{Li(a)+b|j=0,1,3}U{a,b}. There are three different values for weights of
the sequences in this set, i.e., 6, 2, and 4. Thus C(S) = {—1,—5, 3}. Therefore,

we have § =5 and S is a (7,9, 5) signal set.

10.1.3 Signal Sets from Pairs of Sequences

Assume that a and b are binary sequences, where the period of ais v = 2" — 1

and the period of b is ¢ with ¢|v. If S is constructed by

S= {Sjlogj <t}U{a7b}asj:Lj(a)+ba (1010)
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then C'(S), the image of the correlation of S, are determined by the following

formulae:

Ci (1) =< L7 (s;),8; >=< L™ (a) + 7 (a),b + L7(b) >, (10.11)

or equivalently

Cij(r) +1= Y /a0 tg(aTe) (o), (10.12)
zelf,
and
Cab(7); Cays, (7), Cb,s,(7), Ca(T), and Cp(7). (10.13)

(Here i and j may be equal.) Let f;(z) = f(a’z) + g(z). Then this is the trace
representation of s;, 0 < j < t. Thus, (10.12) becomes

Cij(t)+1=Cf5,(a”).

This is just the crosscorrelation of the functions f; and f;. In particular, for
the following two cases, we can reduce the computation of the correlation of S
dramatically.

Case 1. One of the sequences a and b is an m-sequence of period 2" —
1. We may assume that a is an m-sequence of period 2" — 1 with the trace
representation f(z) = Tr(z") where ged(r,2" — 1) = 1. Thus, the correlation
of S reduces to computing

AN B) = D (1IN HalBa)te() (10.14)
z€Fyn

where A = 0 or A = !, Vi € T'y(n), the set of the coset leaders modulo 2" — 1,
and for all 8 € Fan.

Case 2. Both a and b are m-sequences. We may assume that f(z) = Tr(z)
and g(z) = Tr(z?). (Note. Since the period ¢ of b could be a proper factor of
2" — 1, then d may not be coprime to 2" — 1. In other words, b could be an m-

sequence of degree m for which m|n.) In this case, computation of the correlation
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of S can be further reduced to the computation of the crosscorrelation of the
pair a and b, or the Hadamard transform of g(z), since f(z) = Tr(z). In other

words, we have

C(S) € {Cap(r)|r € Ta(n)}U{-1} (10.15)

= {gA) =-1|A=a",7eTa(n)}U{-1}.
We consolidate the above discussions into the following property.
Property 10.5 Let S be constructed by (10.10).

1. The image of the crosscorrelation of S, C(S), can be determined by (10.11)
or (10.12) together with (10.13).

2. In particular, if one of a and b is an m-sequence of period 2" — 1, or if
both of them are m-sequences, then their respective images of correlation

can be computed by (10.14) or (10.15), respectively.

For the case that both sequence are m-sequences, using Property 10.5 to-
gether with Property 10.3, the prototypes of C'(S) are determined by the weight
distribution of the sequences in S. Thus, to compute C'(5), it suffices to com-
pute the weight distribution of the sequences in S. For example, the values of
the weight of the sequences in S in Example 10.1 belong to {2,4,6}. Thus C(S)

can be computed from these values using Property 10.3.

Example 10.3 For n = 5 and n = 7, let a «» Tr(z) and b < f(z) = Tr(z?)
where ged(d,2” — 1) = 1. Since both a and b are m-sequences, according to
Property 10.5, we only need to compute Can(7) = f(o/) —1,Y7 € T2(n) where
n =25 or n =7, as shown in Tables 10.2 and 10.3.

Case 1. n = 5. We have

Capb(r) € {-1,-1£8}, ford =3,5,7, and 11

and

Can(r) € {~1,-148,—1+4,—1+ 12}, for d = 15.
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Table 10.2: n =5, a° +a® + 1 =0, and f(z) = Tr(z?)

d FO)A=a

0 1 3 5 7 11 15
3]8 0 0 -8 8 8 0
5/]-8 0 0 8 —8 8 0
78 0 8 0 8 0 -8
1m]-8 -8 0 8 0 0 8
1512 8 -8 4 4 —4 0

Case 2. n = 7. We have

Can(r) € {=1,-1£ 16}, for d € {3,5,9,11,13,15,23,27,29,43}.  (10.16)

Example 10.4 Let a and b be the m-sequence and the quadratic sequence in

Example 9.11 in Section 9.4, i.e.,

a=1000010101110110001111100110100 ¢+ f(x) = Tr(z)
b = 1001001000011101010001111011011 ¢« g(z) = Tr(z + 2° + z7)

where a; = Tr(a') and b; = g(a’) where a® + a® 4+ 1 =0. Let

S ={s; =L (a) +b]0< j < 31} U {a,b}.
From Property 10.5, the prototype of C'(S) is determined by

AN B) = E (_1)Tr(>\f)+g(/3x)+g(f)
CL‘E]F25

where A = 0 or A = !, Vi € T'3(5), the set of all the coset leaders modulo 31,
and V3 € Fys. Since there are 7 coset leaders modulo 31, we need to compute
8 X 32 = 256 inner products of vectors of length 31. Note that if A = 0, then
A(0, B) is the autocorrelation of g(z), which is equal to 0 if 8 # 1. Thus, we
only need to compute A(a’,af), for all i € 'y(5) = {0,1,3,5,7,11,15} and j
with 0 < ¢ < 31. These values are shown in Table 10.4. Thus, we obtain

C(S)={-1,-1+8 -1+ 16} = § = 17.

Therefore, S is a (31, 33, 17) signal set.
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Table 10.3: n =7, "+ a+1=0, and f(z) = Tr(z?)

d FO)A=a

0 1 3 5 7 9 11 13 15 19 21 23 27 29 31 43 47 55 63
316 0 0 0 16 0 0 16 0-16-16 0—16 0—16 16 16 0 16
5/16 0 0 0 16 0 0—16 0-16-16 0 16 0 16 16 16 0—16
740 0-16 0 -8 16 0 —8—16 24 8 16 -8 0 8 8 —8 0 8§
916 0 0 0 16 0 0—16 0 16 16 0—16 0—16 16 16 0—16
11 16 0 16 16 16-16 0 16 0 0-16 0 0—16 16 0—16 0 0

13 16 0 O 16-16 16 0 0 0 16 0-16 0 0-16 0 16—16 16
15 16 16 16—16 0-16—-16 0 0 0 O 0-16 16 16 16 0 0 0
19—-40 0 16 0 —-8-16 0 —-8-16 -8 8 16 24 0 8 8 -8 0 8
21—40 0-16 0-8 0 0 8 0 8 816 24 16 -8 -8 =8 16 8§
23 16 16 0 0 0O 0 O O 16-16 16—16 16 0 16 0-16—16 0
27 16—-16 0-16 0 0-16 0 16 16 0 16 0 16—-16 0 0 0 16
29 16 0 0-16 16 16 16 16—-16 16 0 0 0 0-16—16 0 0 0
31—40—-16 0 0 8 24 0 16 —8—16 8§ -8 16 0 -8 8 —8
43 16—16 16 0 0-16 16—-16 16 0 0 0 016 0 0 16
47-40 0-16 -8 =8 &8 0 16 16 8 0-16 -8 0 24 8 -8
b5—40 16 -8 8 8 —8—-16 =8 0 0 0 -8 24-16 8 16 0
63—12 0 —8 16—12 —8 16 20 —8 4 8§ 4 0 12-20 4-16 —4

1

[==) o o} lwp) Ne)

8
0—
0
8
2

1
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Table 10.4: Evaluation of A(a, af)

I 40 135 71115] 401 3 5 7 1115

J J

000 00O0OTO Q16 0-8 0-8 0 0-8
410 0080801780000 88
20 80 0-80 018§ 008 88 00
38 8800 8§ 198 8 880 0 8
40 8 0016 8-§(20 0 0-8 0 8 8 0
50 088 08 § 21-8 0 0 0-8 8 0
6 8 0-8-8-8 0 §22-8 0 0 8 0 8 8
78 0-88 8 0 § 23308 000 0-8
8§ 0 8 00 8 0 02480800 00
90 00008025 88 0 0 8 —8-8
100 0—-16 0 8 0 0 0 268 & 0 8 0-16 0
11-8 8 0-8 0 0 027 0 016—-8 8 —8 8
128 88 0 0-8 §(28§ 8 0 0 8 0 0-8
3-8 0 8 8 0 0 02900 0-80 00
148 00 0-8 0 030 0-8 8 0 8 0 8
150 00 8 0 0 0

10.1.4 One-to-one Correspondence between Sequences and
Boolean Functions

In Section 6.4, we introduced the one-to-one correspondence between sequences
and polynomial functions in terms of the trace representations of the sequences.
Here, we revisit this relation and extend it to boolean functions. Recall that
we introduced the notation: &;, the set of all binary sequences with period

N|(2" = 1); and F2, the set of all (polynomial) functions from Fzn to Fa.

A boolean function is a function of n variables from F3 to Fy. An algebraic

normal form of a boolean function of n variables is given by
g(xo, - n_1) = Zai1,~~~,itmi1 STy g, € Ty (10.17)

where the sum runs through all the ¢-subsets {iy,---,4:} € {0,1,---,n—1}. The
degree of the boolean function g is the largest ¢ for which a;, ... ;, # 0. We now

denote by B the set of all boolean functions of n variables. We will establish
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that there exist one-to-one correspondences among these three sets:
82 — .7:2 — 82.

We have seen the one-to-one correspondence between 8§; and Fs, i.e., the
sequences and the polynomial functions in Chapter 6. Applying the Lagrange
interpolation formula to a given boolean function g(zo, -+, 2p—1) € By (see (6.3)

in Sec. 6.4), we can determine its polynomial representation f(z) as follows:

f(z) = E2n_1 d;xz', where

i=0
di = ¥pery, [9(20, -+, 20m1) = (0, 0)]e ™ 2 = ¥ wia

Next, we will show how to obtain a boolean representation from a polynomial

(10.18)

representation of a function from [Fy= to [Fy in terms of the linear space structure
of the finite field Faxn. Let {aq,--+,an,—1} be a basis of Fan over [y, denoted
by Faor =< aq,---,a,_1 >, and let a be a primitive element of Fy~». For any

x € [Fyn, we can represent x as
prx==2roao+ 101+ -+ Tp_10n_1 S X = (2o, 1, Tno1), 25 € Fo.

Thus p is an isomorphism between = and F3. Hence, for f(z) € F, we have
n—1
f(l) - f (Z lla2> = g(l‘o, ) mn—l)a
=0
i.e.,
Ko flx) = g(@o,- -y Tn1) (10.19)
which is a bijective map from F; to By induced by p. Therefore, a conversion

from a polynomial function to a boolean function is given by

-1
g(zo, - xpn_1)=f (2?20 :L‘Z'ai) , where (10.20)
Fon =< gy -+, 0n_1 >
The boolean function g(zo, 1, -, n_1) has degree r where r is the maximum

Hamming weight w(k) as k runs through all the exponents in the trace terms
of f. This value is also called the algebraic degree of f(z).

Thus (10.18) gives a bijective map from By to F, which is the inverse of
(10.20). These one-to-one correspondences among those sets are shown in Figure

10.1.
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Polynomial Iy
o0 functions &
& &4
?)‘?N W
{
GO Y.
995\‘6 g, Y6
& 'Oo/@‘/
»‘(’5’2 0/7
Boolean
Sequences functions

Figure 10.1: One-to-one correspondences among Sy, F2 and Bj

Example 10.5 Let n = 3, Fys defined by the primitive polynomial ¢(z) =
3+ 2+ 1, and a a root of ¢(z) in Fys. Thus {1,a,a?} is a basis for [Fya over
Fy. Let f(z) = Tr(2®). Then this is the trace representation of the m-sequence
a = 1110100. For any = € Fs, we write z = zo + z1a + z2a%. From the

conversion formula (10.20),

fl2) = Tr(z®) =Tr((xo+ z1a + 2902)%)
= Tr(zo+ a1+ x2 + z129) + Tr((x1 + 201 + Toxa)a) + Tr((xox1 + 22)a?)
= (zo+z1+ z2+ z122) + (21 + 2ozt + 2ox2)Tr(a) + (T0T1 + 22)Tr(a?)
= xo+x1+x2+ T122.

The last identity is obtained by noting that Tr(a) = Tr(a?) = 0. Therefore,

we have the following one-to-one correspondences:

a=1110100 < Tr(a:S) S ro+ x1+ o+ TN,

10.1.5 Walsh Transform of Boolean Functions
Definition 10.2 The Walsh transform of a boolean function f is defined by
Fw) =Y (—)™H ™ w e, (10.21)
xEFg
(Here we omit the bracket for the dot product of w and x for simplicity.)
In the following, we will derive a conversion between the Walsh transforms
of boolean functions and the Hadamard transforms of their corresponding poly-

nomial functions. We denote by a(x) = w-x = Z?:_ol w;x;, a linear boolean
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function, where w = (wq, w1, -+, wy_1) € F, a constant vector. Let f(z) and
a(z) be the polynomial representations of f(x) and a(x), respectively. (We will
use the same notation for both boolean functions and their corresponding poly-

nomial forms when the context is clear.) The following property is immediate.

Property 10.6 (a) There exists some A € Fan such that
a(x) = Tr(Az). (10.22)

(b) The Hadamard transform of f(x) and the Walsh transform of f(x) have
the following relation:

o~

F(w) =F(\),w €3, X € Fan (10.23)
where w - x = Tr(\z).
O

For example, with a in Example 10.5, using Tr(o/zl) =0 and Tr(a3'2l) =1,

1 =0,1,2, we have

Tr(z) = Tr(zo+ z100+ m202)
= azoTr(l) +2:.Tr(a) + rgTr(oz2)
= Yo,
Tr(oz?’:t:) = Tr(:boa3 + z1at + m2a5)
= :EoTT’(OzS) + a:lT'r(a4) + angr(oz5)

= X0+ x2.

10.2 Odd Case: Gold-pair Signal Sets and Their
Generalization

In this section, we introduce the Gold-pair construction and its generalization
to binary signal sets with parameters (2" —1,2" 41, 2(nt+1)/2 4 1) where n is odd.
We keep the notation that n = 2m + 1, an odd number, and « is a primitive

element in Fyx.
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10.2.1 Gold-pair Construction

Construction: Select d from the following list:
(a) d = 2% + 1 (the Gold decimation), ged(k,n) = 1 and k < ”T_l

(b) d = 2%k — 2% 1 1 (the Kasami (large set) decimation ), ged(k,n) = 1 and
k<25l

>3
(¢) d= 2% 43 (the Welch decimation).

(d) d= 22k 4 ok _ 1 (the Niho decimation) where
b — ”T_l ifn=1 (mod4)
o % ifn=3 (mod4)

(e) Inverse of d, for d in each of the above four cases.

For 0 < j < 2" — 1, let s; = {s;,;} be a binary sequence whose elements are
given by

Sji = Tr(ela® +a%),i=0,1,---,2" — 2.
Then s; is called a Gold-pair sequence. Let syn_1 = a = {Tr(a')} and sz» =

b = al?. The set given by
S(d) ={s;10<j <27}

is said to be a Gold-pair (signal) set.
Note that both a and b are m-sequences, and s; is a sum of a at shift j and

b for 0 <j<2" —1,1ie.,
s;=La+b0<j<2" —1.

Thus S(d) has 2" + 1 shift-distinct sequences. Let f(z) = Tr(z%). According
to Property 10.5, the prototype of crosscorrelation of S(d), i.e., C(S(d)), is
determined by Can(7) where 7 runs through I's(n), the set of all the coset

leaders modulo 2”7 — 1. In other words, we have

o~

C(S@) c{f(A) =1 A=a", 7 €T(n)}.

o~

In the following, we show how to compute Ca p(7), or equivalently, f(}), for

the original Gold case d = 2% + 1.
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Theorem 10.1 (Gold, 1967) Let n be odd and d = 2¥ + 1 with ged(k,n) = 1.
Then

Sy _J0 — Tr(A)=0

fA) = Cap(r) +1= { 1o(n+1)/2 Tr()) =1

where A = a” € Fan.

Proof. Here we present a proof given by L. Welch instead of the original proof
of Gold. Welch’s proof is unpublished, but it is well-known as the squaring
method. Note that

]?()\) — E (_I)Tr()\x)+Tr(1;d) ( set ¢ = 2n)’ (1024)

zelF,
and by squaring (10.24), we have
P()\) — Z (_1)Tr()\:c)+Tr()\(1:+w))+Tr(xd)+Tr((1:+w)d).
zwely

Substituting d = 2* 4+ 1, and then using the trace function identity Tr(w:ezk) =

Tr(wrkm), we get

P(/\) = Z (—I)Tr()‘w)+TT(wd)+Tr(a:2kw+xw2k)
z,wel,
— Z (_l)h(w) Z (_I)Tr((wz—k_l_wzk)x)
welr, z€l,

(set h(w) =Tr(Aw) + Tr(wd))

= 2" ) (=1

weL
where
L={weF, |w2_k +uw? = 0}.
Since ged(2k,n) = ged(k,n) = 1, we have
w? " + W' =0 = w zw? = =w

—  w € Foax NFan = Fogeacar,n) = Fg = L = [Fa.
Notice that A(0) = 0 and A(1) = Tr(A) + 1 € {0, 1}. Therefore

Poy=20 30 (-1 =2 (14 (-7, (10.25)

well 5
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If Tr(A) +1=1= Tr(A) = 0, A € F,, then (10.25) gives f*(A) = 0. Hence

FA) =0 Tr()) = 0. (10.26)
IfTr(A)+1=0,A€Fy = Tr(A) =1, then

Therefore,
FO) = £2004D/2 — Tr(3) = 1. (10.27)
The assertion follows from (10.26) and (10.27).
O
Corollary 10.1 We use the same notation as in the Gold-pair construction
where f(z) = Tr(z?) (n=2m+1).
1. S(d) is a (2" — 1,2" + 1,2+ 4+ 1) signal set.
2. The crosscorrelation of any pair of sequences in S(d) or out-of-phase

autocorrelation of any sequence in S is 3-valued, and belongs to the set

{=1,-1 4+ 2m+1},

3. In {f(/\) | A € F,}, 0 occurs 2"~1 times and £2™*1 (combined) occurs

27~1 times. Precisely, the frequencies for these values are given by

H f(/\) ‘ frequency ‘
0 pn-1
gm+1 | 9n—2 | gm-1

_2m+1 2n—2 _ 2m—1

Note.  For the Kasami exponent d with 34 = 1 (mod n), the Hadamard
transform of f(z) = Tr(z?) has a result similar to Theorem 10.1, which ap-
peared as identity 9.11 at the beginning of Section 9.3, when we discussed the

Kasami power function construction of 2-level autocorrelation sequences.
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Table 10.5: Exponents for the Gold-pair constructions

Gold exp. | Inverse Kasami exp. | Inverse
n|k|d=24+1 d-1 d=2% _92k 11 d-1
5 |1 3 11

2 H 7 13e€ Cq 3
71 3 43

2 5 27 13 11

3 9 15 57 € Cys 29
9 11 3 171

2 5 103 13 59

4 17 31 241 € Cyy 87
111 3 683

2 5 411 13 315

3 9 231 57 413

4 17 365 241 € Chys 43

5 33 63 993 € Cys 151

Table 10.6: Exponents for the Gold-pair constructions (cont.)

Welch exp. d | Inverse Niho exp. d Inverse
n 2(n—1)/2+3 d—l k | 22k+2k_1 d—l
5 7 5 "T_l =1 5 7
7 11 13 [21=5] 39€Cy 23
9 19 27 "T_l =2 19 27
11 35 117 [ 2221 =8] 287T€ Chae | 107
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Example 10.6 Let n € {5,7,9,11}. From the Gold-pair construction, we com-
pute decimation values d for all cases, as shown in Tables 10.5 and 10.6. In
these tables, C; represents the coset containing the leader i modulo 2™ — 1, and
the columns under d~! list the leaders of the cosets containing d~! instead of
d~! itself. For the Kasami exponent, the case k = 1 is omitted from the list of
the Kasami exponents since 22¥ —2% 4+ 1 =2% 41 =241 = 3 when k = 1, which
degenerates to a Gold exponent. For each d in Table 10.5, S(d) is a signal set

with the features shown below.

H n ‘ Parameters ‘ C(5(d)) ‘ ) H
5 (31,33,9) {-1,-9,7} 9
7| (127,120,17) | {—1,-17,15} | 17
9 | (511,513,33) | {—1,—33,31}| 33
11| (2047,2049,65) | {—1,—65,63} | 65

Remark 10.2 For n = 5 and 7, from Example 10.3, the exponents shown in
Tables 10.5 and 10.6 are all the decimation sequences having 3-valued crosscor-
relation with T'r(z). In fact, the four cases of d in the Gold-pair construction are
all the known cases whose cross-correlations with T'r(z) are 3-valued and belong
to {—1,—14 2m*+1} (No other examples have been found by computer search

where decimation does not belong to one of these four cases or their inverses.)

10.2.2 Randomness Profile and Implementation

The randomness profile of the Gold-pair construction (n = 2m + 1):
1. Each sequence has period 2" — 1.
2. There are 2" + 1 shift-distinct sequences in S(d).

3. Cross-correlation of any pair of sequences in S(d) or out-of-phase autocor-
relation of any sequence in S(d) is 3-valued and belongs to {—1, £2m+1}.
In other words, the image of the correlation of S(d) is given by C'(S(d)) =
{—1,42m*1} for all d in the list.
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. Together with shift-equivalent sequences, from S(d) there are 22" — 1 dif-

ferent nonzero sequences.

. There are 2"~! 4+ 1 balanced sequences in S(d). In particular, for all the

Gold exponents and one Kasami exponent, the balanced sequences can be

determined by

s; balanced
Tr(a?) =0 for the Gold case d = 2% + 1
= Tr (a(2k+1)j) =0 for the Kasami case d = 2% — 2% 4 1
where 3k = 1(mod n).

Together with a, this constitutes a total of 2! 4 1 balanced sequences.

. Each sequence in S(d) has linear span 2n except for a and b which have

linear span n.

. For a fixed «, a primitive element of I,, the numbers of the Gold-pair

signal sets for each type of d are given by

|| n>9 | Gold exp. | Kasami exp. | Welch exp. | Niho exp. | All inverses ||

¢(n)/2 | ¢(n)/2—-1 | 1 | 1 | é(n)+1
Total 2¢(n) +2

In the following, we discuss the implementation of these signal sets.

The LFSR Implementation:

. Select odd n, and t(z), a primitive polynomial of degree n over Fy, as the

characteristic polynomial of LFSRI.

. Select d from the construction, and compute the minimal polynomial of

a? as the characteristic polynomial of LFSR2.

. We obtain all the sequences in S by employing different initial states of

LFSRI1, as shown in Figure 10.2.
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LFSR2: Tr(:bd)

Output
9—>

LFSRI1: Tr(az)

a: varying

Figure 10.2: LFSR implementation of a Gold-pair generator

Example 10.7 Design of a (31, 33, 9) Gold-pair signal set.

Method 1. The LFSR implementation

1. Select t(z) = ° + 23 + 1, a primitive polynomial over Fy of degree 5, as

the characteristic polynomial of LFSR1.

2. Select d = 1+ 2? = 5 and compute the minimal polynomial of a® where

Fys is defined by t(«) = 0. This gives
v(eg) ="+t 42 e+ 1.
Use v(z) as the characteristic polynomial of LFSR2.

3. Fixing the initial state of one of these two LFSRs and varying the other,

we obtain all 33 sequences in S(5), as shown in Figure 10.3.

LFSR2

I_@_I ¢ Output

LFSR1

Figure 10.3: LFSR implementation of a (31, 33, 9) Gold-pair generator

Method 2. Software implementation
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1. Select f(z) = 2° + 23 + 1, a primitive polynomial over Fy of degree 5 to

generate the sequence a:

a =1000010101110110001111100110100.

2. Pick d = 14 2? = 5 and perform the 5-decimation operation on a. We

obtain b = a(%) = {b;} where b; = as;, as shown below

b =1110110011100001101010010001011.

3. Compute
si=Li(a)+b,0<i<3l.

Together with a and b, there are 33 sequences in S(5) which are presented
in Table 10.7.

Randomness profile of S(5):
1. Period 31.
2. There are 33 shift-distinct sequences in S(5).

3. Cross-correlation of any two sequences in S and out-of-phase autocorrela-

tion of any sequence in S takes the three values: —1, -9, and 7.
4. S(5) is a (31, 33, 9) signal set.

5. There are 17 balanced sequences in S(5), including a, b and those framed
indices in Table 10.7, i.e., s; is balanced for : € Cy U C3U C15. The other

16 sequences have their respective weights either 12 or 20.
6. Linear span 10 except for a and b, which have linear span 5.
10.2.3 Generalization of the Gold-Pair Construction

Construction (n = 2m + 1): Let

T = {g(z) + Tr{(Bz), p € Fau } U{Tr7(2)}, (10.28)



410 CHAPTER 10. SIGNAL SETS WITH LOW CROSS-CORRELATION

Table 10.7: s; in (31, 33,9) signal set

si |
o0rtrotroor1oorotrrtrrootrortrt1orrrral
1110011000001101110101011100010
1111100100111001010100001011001
1100011101010000010110100101111
1011101110000010010011111000011
010000100010011001100100001101°1
101100010110111000110011010101°0
01o01o01r1rr1rrr1r1roroo0o111011001001
1001101011011111110000000001110
0o0o00000010011101011110110000001
0011010000011000000011010011110
0101110100010010111000010100000
2)11000111100000111001110011011100
0010101100101100100010000100101
ori1o000110r11r1011111010111010110
5)1111001111010101001011000110000

16)1101001010001000101000111111101
1711001000000110011101111001100111
1810001010101000101100000101010011
91000111111010100111111110011101°0
2000000101001110001000001111101000
2110010000111000000111101001001100
2210111011010100011000100100000100
2»|1101100001100100110111110010100
2Zg,1000010111101011010001010110101
2>(10011111011110100011100011110111
26 0100100011001010000110001110010
20| 1010010010110110110010101111000
2810111110001001111011011101101101
?9|11100110110111100001001101000110
B 1010111001011010101101100010001

CEEENBEocENERE o~

— =
e Qo
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and S(g) be the set consisting of sequences whose trace representations are

functions in T (evaluated at «). If

olx) = 3T ()
i=1

where n;|n, the size of the coset containing 1 + 2°, then S(g) is a (2" — 1,2" +
1,2m+1 4 1) signal set. Furthermore, crosscorrelation of any pair of the sequences
in S(g) or out-of-phase autocorrelation of any sequence in S(g) is three-valued
and belongs to {—1, —1 £ 2(*+1)/2} (Boztas and Kumar, 1994.)

Together with the case g(z) = Tr(z?) where d is taken from the Gold-pair
construction, these are all the known constructions for (2" —1,2"+1, 2("+1)/2+1)

signal sets for n odd.

Example 10.8 Let n = 5, let a be the primitive element in Example 10.7, and

let g(z) be constructed via the above construction. Then g(z) = Tr(z> + 2°).

Let
a;, = Tr(o/)
b = g(a'),i=0,1,---,30
Then
S(g) ={L'(a) +b|0<i<31}U{a,b}

forms a (31, 33, 9) signal set.

10.3 Even Case: Kasami (Small) Signal Sets and
Their Generalization

In this section, we present constructions for binary signal sets with parameters
(2", onl2 onl2 4 1) where n is even. We use the following notation in this section:

n =2m, ¢ = 2", a a primitive element in Fon, v = 2™ — 1, and d = 2™ + 1.
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10.3.1 Kasami (Small) Signal Sets

Construction: Let sy = {s);} be a binary sequence whose elements are given
by
sni = hla'),i=0,1,---, where (10.29)
Az = TrP (Tro () + Az?) X € Fom, & € Faa. (10.30)
A signal set S consists of s for all A € Fym, i.e.,

S = {sx such that A € Faym }. (10.31)

sy is said to be a Kasami (small set) sequence and S a Kasami (small) signal

set. Note that f(z) is the trace representation of s .

Theorem 10.2 (Kasami, 1969) S is a (27,2™,2™ 4 1)(n = 2m) signal set.
Moreover, the crosscorrelation of any pair of sequences in S or out-of-phase

autocorrelation of any sequence in S is 3-valued and belongs to {—1,—14 2™},

To prove Theorem 10.2, we first derive the interleaved structure for the
sequences in S. This structure also gives a simple proof for the unbalanced
property of the Kasami small set sequences in the next subsection. The following
assertions, related to finite fields and trace functions, will be used in several

places.
Assertions:

1. d? = 2d (mod 2" — 1).

2. Let 8 = a?. Then 3 is a primitive element in Fym.

3. For any y € Fom, 2z € Fon, Trl (zy) = yTrl (z).

We avoid using double subscripts by renaming the sequences in S. Thus, let
u={u;}=sy€8 Fork=id+5,0<i<v,0<j<d,

ug = uigr; = Try (Trﬁq(a2(id+j)) + )\Ozd(idﬂ))

= TP (®Tr2 (o) + Aa**a?) ( by Assertions 1-3)

= wiayj = T (B%1;(N))
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where

t;(A) = Trl (a®) + Ao )\ € Fym. (10.32)
Thus, we have established the following result.
Lemma 10.1 Foru—{u;} —=sy € 5,
wiay; = Tri(B%;),0 < i < v,0< j < d

where t; = t;(A) is defined in (10.32). Thus sy is a (v,d) interleaved sequence

with the base sequence a = {a;} whose elements are given by
a; = Trgn(ﬂm)al = 07 17 e

and the shift sequence e = (eg,e1,---,eq—1) is determined by t;(X) in (10.32).
In other words, each sequence in S can be arranged into a v by d array for
which the jth (0 < j < d) column is given by L (a), where e; is determined by
t; = B% ift; #0. Otherwise, the jth column is the zero sequence.

We shall also call (¢o, 1, -,tq—1) a phase vector of u when it is regarded as a
(v,d) interleaved sequence, since it determines phase shifts of column sequences
of u with respect to a.

Proof of Theorem 10.2. We will use an approach similar to the one in Section
8.1 of Chapter 8. For s, and s in S, considering the v by d arrays formed from
L7 (sy) and sy, respectively, let A; and B; be their jth columns. Then

Aj =T (B4, () 121 and By = {Tr]" (B*;(A) 155,00 < j < d

where t;(z) is defined by (10.32). Thus C) A(7), the crosscorrelation of s, and
sy, is equal to the sum of the inner products of A; and B;, 0 < j <d, i.e.,

d
Con(r) = < A;,B; >.

7=0

-

Thus, it suffices to prove that there are at most two identical corresponding
columns in their respective matrix forms. This is equivalent to saying that

there are at most two values of j among 0 < j < d such that

i () = 15(0). (10.33)
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In the following, we will reduce (10.33) to a quadratic equation. Considering

(10.32), let & = @/, so we can rewrite ¢;(z) as:

ti(z) = T'an(a:Z) 4oz = 2% 4 2227 T

_ x2(1+m2(2m—1)+x2’"—1)

= t;(2) = 2*(1 + y* + 2y), where y = 22", (10.34)
Substituting (10.34) into (10.33),

om

27 ol - .
tiv-(n) = 22 (0 +a y? + na dy) =221 +y* +\y) = t;(N).

Simplifying, we obtain a quadratic equation
a+by+cy=0 (10.35)

where

a:l—i—azT,b:l—}—aszJrl, and ¢ = A+ na™@

where 7 # 0. Since (10.35) is a quadratic equation over Fa=, it has at most
two solutions y;,7 = 1,2 in Fy-». For each of the y;, there exists at most one
r=al,0< j < dsuch that

yi=a?
Therefore, there are at most two values of j among 0 < j < d such that (10.33)

is true. Thus

—1—=2m if (10.33) has no solutions
Cha(1) = —1 if (10.33) has one solution
—1+2™ if (10.33) has two solutions

which completes the proof.
O

Note that sg = {Tr](a?!)} = {Tr?(a')} is an m-sequence of period 2" — 1.
Thus, for A # 0, we have

sy = so—i—LkaHTr(a:—i—/\md),/\:ﬂk,O <k<2™-—1.
Hence, the Kasami (small) signal set can be written as

S={sg[0<k<2™ -1} U {so}.
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Profile of the randomness of Kasami (small) signal sets (n = 2m):
1. The Kasami (small) signal set S is a (2" — 1,2™,2™ 4 1) signal set.

2. Cross-correlation of any two sequences in S or out-of-phase autocorrelation

of any sequence in S is three-valued and belongs to
{—1,-1+27}.

3. Imbalance range: [1,2™ 4+ 1]. (In fact, each sequence in S, except for so,
has weight either 271 4 2m=1 or 271 _ 9m=1 We will show this result
in the next subsection after we introduce a construction for generalized

Kasami sequences.)

4. a = {Tr7(B")} is an m-sequence of period 2™ — 1. (Note that Tr}*(z) =
Ir'(2?).)

5. Linear span: 3n/2, except for sg whose linear span is n.

The LFSR implementation of the Kasami (small) signal sets is shown in

Figure 10.4, from which all the sequences in S can be generated by varying the
initial state of the short LFSR.

LFSRI1: n-stages Tr(z)

Output
9—>

LFSR2: 2-stages Tr{* (Az?)

Figure 10.4: LFSR implementation of a Kasami (small) signal set generator

We will use an example to illustrate the properties of the Kasami signal sets

discussed above.
Example 10.9 Design a (63, 8, 9) Kasami signal set.

1. Pick n = 6, and ¢(z) = 2%+ z + 1 a primitive polynomial over [Fy; take a
aroot of #(x) in Fye, and d = 9. Let 3 = a°. The 3 is a primitive element

of Fga .
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2. Compute the minimal polynomial v(z) of 3, v(z) = 23+ 2%+1 (or look-up
table in Appendix C in Chapter 3).

From (10.32), we have
ti(A) =22 + 2%+ A2 2 = ol 0<j<d,

whose values are shown in Table 10.8. In the ith row under the label “”, the
jth entry, j = 0,---,8 is the exponent 7 such that ¢;(3°) = 8" where z = o.
By convention, if ¢;(3') = 0, then the exponent is listed as co. (Note that
t;(B') € Faa.)

Table 10.8: Image of ¢; () = 22 4+ 216+ X2, VA € F3s

A=p t;(A) for z = o’

Jjlof 12345 ]|6]7]8
)
0 0| 2 4 |oo | 1 2 oo | 2 2
1 111 6 1 6 0 4 4 1
2 215|216 |5 |6]2|01]35
3 310 |oco| b5 |23 ]1 |0l
4 413312455 |13
5 5loc| 1 4]0 1]0] 6]
6 6| 4|0 ] 0 |oco|loco| 3|5 ]| 4

Table 10.8 directly determines the weight distribution of the sequences in S.
In other words, for i € {0, 3,5, 6}, there are two zero columns in the 7 by 9 array
from sgi, and the other 7 columns are shifts of the m-sequence a = 1110100.

For i € {1,2,4}, all columns in the array are shifts of a. Therefore, we have

7-22=28 foric {0,3,5,6}

wisSg:i) =
(560=1 9,022 3 for i € {1,2,4]}.

Thus, no sequences in S are balanced (except for the m-sequence sg). This is an
interesting phenomenon, but was a puzzle in the literature for a long time. (We

will give a proof of this result in a more general setting in the next subsection.)
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All eight Kasami sequences in S are shown in Table 10.9, represented as (7, 9)
interleaved sequences where the shift sequence of sg: is given by the (i 4+ 1)st

[
1

row under the label in Table 10.8. For example, for s, the phase vector is

given by the first row under the label “” in Table 10.8:
(07 27 47 o0, 17 27 0, 27 2) — (17 ;827 /347 07 ;87 /327 07 /327 /32)

and the first two column vectors of s; are given by

{117“:13 (/322 ) 26:0

{Tri(B28*) o

1110100

1101001.

Table 10.9: Sequences in the (63, 8, 9) Kasami Signal Set

So =
000001000
011000101
001111010
001110010
010110111
011001101
010111111

S1 =
111011011
110001011
101000000
010011011
100010000
001010000
011001011

S35
110101111
001011000
000001110
110100001
111111001
111110111
001010110

Sﬁz:
101000110
111111111
010010011
111010101
000101010
010111001
101101100

Sﬁes:
010010101
010110001
110101001
100111100
110001101
000100100
100011000

Sﬁ4:
100110010
000101100
111011101
011101111
011000011
100011110

111110001

Sﬁs:
001111100
100010110
100110100
101001000
001011110
101101010
000100010

Sﬁs:
011100001
101100010
011100111
000000110
101100100
110000011

110000101

The LFSR implementation of the (63, 8, 9) Kasami signal set is shown in
Figure 10.5, from which all the sequences in S can be generated by varying

initial states of the 3-stage LFSR.

10.3.2 Generalization of the Kasami (Small) Signal Sets

From the proof of Theorem 10.2, the result that C'(S) = {-1,-1+ 2712} de-

pends only on the 2-level autocorrelation property of the column sequences,
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\\Vj
L{100000

output

Figure 10.5: LFSR implementation of the (63, 8, 9) Kasami signal set

where the sequences in S are regarded as (v, d) interleaved sequences. Thus, the
trace function 777" (z) employed in the Kasami (small) set construction can be

replaced by any orthogonal function from Fam to [Fo.

Construction: Let g(z) : Fam — Fy be an orthogonal function (i.e., the eval-
uation of g(z) is a 2-level autocorrelation sequence of period 2™ — 1), and let

sx = {sx,i}i>0 whose elements are given by

sni = hH(a'),i=0,1,---, where (10.36)
Az) = g(Tri(z%) 4+ Ae?) A € Fam, 2 € Fau. (10.37)
So, fa(z) is the trace representation of s). A signal set S(g) consists of sy for

all A € Fam, i.e.,
S(g) = {s» such that A € Fam }. (10.38)

S(g) is said to be a generalized Kasami (small) signal set.

Theorem 10.3 S(g) is a (27,2™,2™ 4+ 1) (n = 2m}) signal set for any orthogo-
nal function g. Furthermore, C(S(g)) = {—1,—14£2™}, i.e., the crosscorrelation

of any pair of sequences in S(g) or out-of-phase autocorrelation of a sequence

in S(g) is 3-valued and belongs to C'(S(g)).
A proof of Theorem 10.3 follows directly from the following lemma.

Lemma 10.2 Let u = {u;} = s) € S(g), defined above.
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(a) The elements of u = {u;} are given by
wiar; = g(871;),0 < i < 0,0 < j < d,

where t; = t;(A) is defined in (10.32). Thus sy is a (v,d) interleaved se-
quence where the phase vector is (to,t1,- -+, t4—1) (the same as the Kasami
small sequences) and the elements of the base sequence a = {a;} are given
by

a; = g(B*),i=0,1,---

(b) The sequence so has the trace representation g(Tr" (z?)), so it is a 2-level

autocorrelation sequence of period 2" — 1.

Proof. The assertion 1 follows directly from the same approach as used in
Lemma 10.1, and the assertion 2 is a direct consequence of Construction I in
Chapter 8.
O
Note that a < g(z) is a 2-level autocorrelation sequence of period v =
2™ — 1. Thus, a generalized Kasami sequence can be constructed from the array
form of the corresponding Kasami sequence by replacing the base sequence
{TrT(ﬂ2j)}j20 by a while the phase vector is kept unchanged. Note that if we
choose g(z) = Tr7*(z?), then S(g) is the Kasami (small) set. In the following,
we will establish the weight distribution of the sequences in S(g) for a general

2-level autocorrelation function g(z).
Theorem 10.4 With the above notation,
w(sy) =2""1+2m7 1 YA € Fj.

In other words, each generalized Kasami sequence in S(g), except for sq (in-
cluding the Kasami case) has weight either 2"~ 4+ 2m=1 op 2n=1 _9m=1_ Thys

except for the m-sequence sg, no sequences in S(g) are balanced.

Proof. For A # 0, we consider the sequence sy, regarded as a (v, d) interleaved

sequence. From Lemma 10.2 -(1) and the proof of Theorem 10.3, we only need
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to show that the quadratic equation
t;(A) = 2*(1 + y* + Ay) = 0, where y = 2", (10.39)
has either exactly two solutions or no solutions for which
r=al,0<j<d (10.40)

Note that (10.39) has solutions in Fy» if and only if Tr7(A=2?) = 0. Since
A € Faym, then Tri(A=2) = Tri(A™Y) = Tr(A=1Tr7 (1)) = 0 from 172 (1) =
141 = 0. Thus the quadratic equation (10.39) always has two solutions in Fax.
Let y;,7 = 1,2 be these two solutions. If there exists j : 0 < j < d such that

y1 = a’?, then y; is a solution which satisfies (10.40). In this case,
y1y2:1:>y2:y1_1:a_j”:ajlv, where 0 < j' =d —j < d.

Thus y; is also a solution which satisfies (10.40). Therefore, if one of these two

solutions of (10.39) satisfies (10.40), so does the other. Consequently, we have

2n=1 4 9m=1 " if the both solutions satisfy (10.40)

w(sy) = . . :
2n=1 _9m=1 " if neither of the solutions satisfy (10.40).

O

Example 10.10 With n = 6, o, and 8 = a° in Example 10.9, let g(z) =

Tr3(2®). Thus, for sgi, the jth column sequence is given by
{Tri((B*)*) =0

where (to,1q,---,tg) is given by the ith row in Table 10.8. In other words, sg:
can be obtained from Table 10.9 by replacing the base sequence a = 1110100
by a(® = 1001011 while the shifts are retained. This is the same as we did for
the construction of GMW sequences using the interleaved approach. According
to Theorem 10.4, no sequences in S(g) (except for sg) are balanced. This can
be verified by Table 10.8, since there are either no oo’s in each row or there are

exactly two co’s in each row.
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10.3.3 Profile of the Randomness of S(g) and Implemen-
tation

A profile of the randomness of the generalized Kasami signal sets is shown as

follows.
Profile of (27,2™,2™ + 1) signal set S(g)
Period 2" —1
Number of sequences in § 2m

Cross/out-of-phase

autocorrelation {-1,—-1+2m}

Distribution of 0-1 Each non-m-sequence has weight 271 4 2m~1
Imbalance range: [1,2™ + 1]
(a) g(z) =Tr (), LS = %n
Linear span LS (b) g(z) = Tr*(z"), ged(r, 2™ — 1) = 1,
LS > m2v()
(c) g(z) from Chapters 8 and 9,

linear span can be made large

Example 10.11 The following examples illustrate the generalized kasami sig-

nal sets for n = 6,8 and 10.

(a) Let n = 6, and let @ be the same as in Example 10.9. Then there are
only two sequences of period 7 with 2-level autocorrelation. Thus there are only

two choices for g(z):
g(x) = Tri(z) or g(x) = Tri(z%)
which produce two generalized Kasami signal sets (including the Kasami case),

as shown in Examples 10.9 and 10.10, respectively. In other words, we have
S1=S8(Tr¥(z)) = {Tr3(Tr§(z)+ Az°)|X €Fya}, and
S2= STrE) = {103 (Tr$(2) + X)) | A€ Fs).

Both sets produce (63, 8,9) signal sets. The linear span of sequences in Sy is 9,

or 6 for A = 0; and the linear span of sequences in S5 is 21, or 12 for A = 0. The
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latter follows from the expansion:
Tr} ((Trg(;r) + )\;L‘Q)S) =Tr8(x® + (1 + A)2® 4+ Ae'3) + Tr3(\3277).

(b) n = 8. There are two shift-distinct 2-level autocorrelation sequences of
period 15. Both are m-sequences. Thus g(z) € {Tr}(z), Tri(z7)}, and S(g) is
a (255,16, 17) signal set.

(¢) n = 10. There are 6 shift-distinct m-sequences and 2 shift-distinct
quadratic residue sequences of period 31. Thus, there are eight (1023, 32, 33)

generalized Kasami signal sets in all.

A generalized Kasami (small) signal set can be implemented by the Galois

configuration, as shown in Figure 10.6.

n /.2 m-bit
Trp, (27) 2 level AC
1-bit
P 9(2) Oultput
Ag:? m-bit

Varying A € Fam

Figure 10.6: Galois configuration for implementation of generalized Kasami
signal sets

10.4 Even Case: Bent Function Signal Sets

In this section, using bent functions, we present another construction of (2" —

1,2™,2™ 4+ 1) signal sets for n = 2m where m is even.

10.4.1 Bent Functions

A bent function is a boolean function in n variables, say f(zo,- -, Zn_1), whose

Walsh transform has constant magnitude, i.e.,

Fw)= 3" (1w = /7 Yw €} (g =2"). (10.41)

xEF;
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From Property 10.6, a boolean function is bent if and only if the Hadamard

transform of its corresponding polynomial satisfies

FO) = D0 ()T E) = £ /g, YA € Fyn. (10.42)
z€Fgn

o~

Note that f(A) is an integer. Thus, bent functions only exist when n is even.
In the following, we will use both representations for boolean functions. There
are two general constructions for bent functions, as presented below. Again
take n = 2m, v = 2™ — 1, d = 2™ + 1, and a a primitive element in Fy~. Let
t(z) = % + c1z + co, ¢; € Fam be the minimal polynomial of a over Fym. Thus,

we can write For = {2 + ay |2,y € Fam }.

Construction T (McFarland) for Bent Functions

Boolean Form Polynomial Form
f(x,¥) =x-9¥(y) + g(y) where f(2) = 29¥(y) + g(y) where
x,y € F, z=x4ay,z,y € Fom
9(Yo, -y Ym—1), a Boolean F* — TF, g, a function Fam — [y
¥(Yo," s Ym—1), a permutation of FJ* | ¥(y), a permutation of Fam

Construction IT (Dillon) for Bent Functions

Polynomial Form f(z) : Fan — Fo,d =241
f(0) =0,a; = f(a'),0 < i< 2" — 1 such that

akati = a;, and w((ag, a1, -+, aq-1)) = 271

Construction II, given here, is slightly different from Dillon’s original con-

struction. We provide a proof below.

Property 10.7 The trace representation of any binary sequence (ag, a1, -+, dq—1)
with weight 2™~ is bent. Furthermore, the least period of the sequence is equal

tod.

Proof. We will use the interleaved structure of m-sequences to establish this
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lemma. For Construction II, let a = {a;}%.5 2. We arrange a into a (v, d) array:

ao ai R v}
a4 Qd41 Tt Ogt(d-1)
A= | @24 a2d+1 Tt A244(d-1)
Ay-1)d G(v—-1)d+1 " Q(v—1)d+(d—1)
then
R
R
A= . :[AOaAla"'aAd—l]
R
where R = (ag,ar,---,aq4—1) is the first row vector of A where w(R) = 2m~1,

and the A;’s are the column vectors of A where A; is either the zero sequence
or the constant 1 sequence. In other words, all row vectors of A are identical
and the weight of the row vector is 2™~1. By the construction of R or a, f(z)
is the trace representation of R. Next, we write b = {b;}, where b; = Tr(Aa'),

which can be arranged into a (v,d) array:

bo by e b
ba bat1 o bag(a-n)

B=| b2 baat1 e bagg(a—n) = [Bo, By, -, By_1].
bw-1)ya bw-1)a+1 * dw-1)dt(d-1)

According to Theorem 5.2 in Chapter 5, there is only one column in B which is
the zero sequence, and the other 2™ columns are shift-equivalent m-sequences
of period 2™ — 1. So, every non-zero column of B has weight 2”~'. Thus, the
Hadamard transform of f(z) is determined by the number of 1’s in entries of the
sum of the matrices A and B. In the following, we will show how to count this
number. Without loss of generalization, we may assume that the first column
of B is the zero sequence. Thus, we have the following two cases.

Case 1. ag = 0. In the matrix A + B, there are 2™~ ! columns which have
weight 27~1 and 2™~1 columns have weight 27~ — 1 (those obtained from the

complementing of B;). Using a similar result to Property 10.4, we have

FO) =14 {22 — 1 —g@m-t.om=1 L gm=1 (9m=1 _ )]} = 2™,
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Case 2. qg = 1. In the matrix A + B, the first column vector has weight
2™ — 1. For the rest of the 2 column vectors, 2~ ! + 1 columns have weight

2m=1 and the other 2~! — 1 columns have weight 27~! — 1. Thus, we have
FO) = 14{22" —1—2[2m 1427 1 1)- 27 L4 (2712 1). (27 12 1))} = =27,
Therefore, for any A # 0, we have

2m  if Bo=0 and ag =0
—-2m  if Bo =0 and ag = 1.

F =

o~

If A = 0, then f(0) is determined by the number of ones in A. In other words,

we have
F(0) = 14+[2*™ —1—2w(ag,ar,---,azn_g] = L+[22" —1(2™ —1)-2m" 1] = 2™,

Thus, f(z) is bent. Since the Hamming weight of R is a power of 2, the least
period of a is equal to d.

O

Example 10.12 Let n = 4, and let « be a primitive element of [F34 with mini-

mal polynomial ¢(z) = z* + z + 1.

Method 1. Using Construction I, let ¥(yo,y1) = (yo,¥1), a permutation of
FZ, and ¢(yo,¥1) = Yo, a map from [F3 to Fy. Then

F(xo, 21,90, v1) = (zo, 1) - (Yo, 1) + (Y0, y1) = Zoyo + 191 + Yo

is a bent function from Fj to Fy. The values of the function f and the Walsh
spectrum of f are shown in Table 10.10 where z = (z¢, z1,%0,¥1) € F3 and

w = (wo, w1, wa, w3) € Fi.

Method 2. Using Construction II, let a = 00101, which is a 3-decimation
from L(b) where b = 000100110101111 4> Tr(z). Thus the trace representation
of a = 00101 is given by f(z) = Tr(az3) where a; = f(a?),i =0,1,2,3, and 4.
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Table 10.10: A bent function from Construction I

| zw (1) [ 7(w) ]
0000
1000
0100
1100
0010
1010
0110
1110
0001
1001
0101
1101
0011
1011
0111
1111

—
~—

—_ OO R P PR OO RO, OO
[ e e s T e

Note that
00101

A= 00101
00101

According to Construction I1, f(z) is a bent function from Fas to Fy. Further-

more,
{Fa)} 2o = (4,-4,4,-4,4,4,—4,4,—4,4,4,—4,4,—4,4) and F(0) = 4.

Let {1,a,a? a3} be a basis of Fys. Then the boolean form of f(z) relative to

this basis is given by
f(zo, z2, 22, 23) = Tr(a(zo + 210+ zoa? + 333&3)3).
Simplifying, we obtain
f(xo, 21, 22, 23) = Tox1 + Toxz + 2o¥3 + 2122 + +2123 + 223 + 22
Thus we have the following one-to-one correspondences:

00101 & Tr(ozmS) & 20Xl 4+ Toxy + xoxs + x1xy + Fx123 + ToZ3 + T,
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Example 10.13 Let f(z) = Tr7*(z¢). For n € F}., we have

fy = 3 (P

z€Fgn

— Z (_1)Tr(y)+TrI”(>\yd)
z€Fgn
where y = nz, A = n? € F}.. and Tr(z) = Tr}(z). Thus ]?(77) =2"=2w(s)), A #
0, where sy is a sequence in the Kasami (small) set (A # 0). According to

Theorem 10.4, w(sy) = 2"~ £ 2m=1 Therefore,
f(n) =+2",n € F..

Note that for n = 0, T = {Tr7*(2?) | € F2x } consists of d copies of the m-
sequence {177 (37) f:o_z where f3 is a primitive element in Fym. Therefore, the
number of 1’s in T is given by
@"+12m =20l ot = F0) = Y (—1)T N = —om,
T€Myn
Thus f(z) = Tr7(z?) or f(z) = Tr(nz) + Tri*(z?),Vn € F}. are bent. For

example, if n = 4, then Tr?(2°) +» 011 is a bent function from Fys to [Fy.

Remark 10.3 From Proposition 6.7 in Chapter 6, f(z) is bent if and only if
the additive autocorrelation of f(z), V;(w), is equal to 0 for w # 0 and equal

to 2" for w = 0. In other words,

f(z) bent <«—

rdw . 27 fw=0 )
Vi(w) = Z (— 1) @He)+i (@) :{ 0 w0 (10.43)
z€Fgn

Thus, bent functions produce binary sequences with 2-level additive autocorre-
lation, given by (10.43), i.e., all out-of-phase autocorrelation values are equal to
zero. Precisely, we have the following construction for binary sequences of period
2™ with zero out-of-phase autocorrelation. Sometimes, this type of sequences is
referred to as a periodic self-invertible sequence in the literature.
Construction of binary sequences of period 2" with zero out-of-

phase autocorrelation: Let f(zo,---,2,-1) be a boolean representation of
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f(z), and let
n—1
k=" k2.
i=0
Then the sequence a = {ag} whose elements are given by
ag :f(koa"'akn—l)a k=0,1,---,2" =1

has additive autocorrelation with zero out-of-phase autocorrelation, i.e.,
2m_1

2" if r =0 (mod 27)
_ _1\aktrtar _
Calr) = kz_o( Dl —{ 0 if7#0 (mod 2

Since bent functions exist for every even n, there exist periodic self-invertible
sequences of length 2" for n even.

The 2-level autocorrelation sequences discussed in Chapters 8 and 9 arise
from multiplicative autocorrelation; see Chapter 6. In general, the problem of
the classification of binary 2-level autocorrelation sequences associated with the
multiplicative group of a finite field is much harder than that associated with
the additive group of the finite field. For example, the family of bent functions
provides a large set of binary sequences of period 2" with zero out-of-phase

autocorrelation for every even number n.

10.4.2 Bent Function Signal Sets

Construction. For n = 2m where m is even, let f(x) be a bent function in m
variables and set

fa(x) = f(x) +2z-x, x,z€Fy. (10.44)

Let s, = {s,,;} whose elements are given by

Sg,i = fz(afo,ia LA RTRRE xm—l,i) + TT’;L (0-00/)3 i= 07 17 ) (1045)
where
zj;=Tri(n;a'),0<j < m, and og ¢ Fym (10.46)
where {10, 91, -, 9m—1} is a basis of Fam /F5. In other words, we have

$gi = f(xi) +2-%x; + Trl(00a’),i =0,1,--- (10.47)
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where x; = (20,4 21,5, *, Tm—1,i). A signal set S(f) is given by
S(f) = {ss |z € FT}. (10.48)

Then S(f) is a (2® —1,2™,2™ + 1) signal set.
O
In the following, we will derive the trace representation of s,, i.e., the poly-
nomial form of (10.45). Let {fBg, -, Bm—1} be the dual basis of {5o, -+, m_1}.

From Theorem 3.13 in Chapter 3, any element y in [Fom can be represented as

—_

m—

y=>_ yiBj,y; €Ty (10.49)
Jj=
where
yi = Tri"(njy),0 < j < m. (10.50)

This relation aids in finding trace representations of the sequences in S(f).
Property 10.8 For any z € F3*, there exists a unique A € Fam such that
Sai = [ (Tri(a')) + Tr} (A + 00)a’) ;i = 0,1, (10.51)

Proof. Let 2 = o' € Fyn. Again, we avoid using double subscripts by renaming
x;. Thus, let x = (zo, -, Zm-1) = X;. According to (10.46), we have z; =
Tr(njz),0 < j < m. Note that T7} (z) € Fym, denoted by y = 17} (z).

Consequently,
Tri'(njy) = T (niTry(z)) = Tri"(Try, (nz)) ( since 1; € Faym)
= Tr7(n;z) ( by the transitivity of the trace function)

= Tr{"(njy) =Tri(n;z). (10.52)
Thus, we have

m—1
Tr?

(@) = y=>_ Tri ()b

J=

3

= TrY(njz)B; ((by (10.52) ).

[
I
o
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Hence,
x = (zo, 21, ", m-1) & Tr(z). (10.53)

Therefore, from the above one-to-one correspondence and Property 10.6, there

exists A € Fam such that
z-x =Tr*(ATry, (2)) = Tri(Az). (10.54)
Substituting (10.53) and (10.54) into (10.45), we obtain
S50 = f(Tr], (ai)) +Tri((A+ Go)ai), 1=0,1,---, X €Fam.

O
According to Property 10.8, we have the following polynomial form construc-

tion for bent function signal sets.

Construction of Bent Function Signal Sets

in Polynomial Form

Let
- f(z) : Fam — Ty, bent,
- I(x) = f(Trp, (2) + Tri (A + 00)x), A € Fam, 0¢ € Fan \ Fam,
- sy = {sxri}, where sy ; = fi(a’),i =0,1,--- and
- S={sx [ AeFm}.
Then S is a (2" — 1,27/2,27/2 1 1) signal set.

Property 10.9 Fuvery sequence in S is balanced.

Proof. In order to prove a sequence sy is balanced, it suffices to show that
> (=1 =0,V € Fym, (10.55)
z€Fgn

Note that Tr],(z) is the trace representation of an m-sequence over Fam of

degree 2. According to Definition 5.5 and Theorem 5.7 in Section 5.6 of Chapter
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5, Try, (z) satisfies the 2-tuple balance property, i.e., any pair (A, p) € Fam

occurs once in the following set:
{(Tr (), Tr (y2)) |2 € Fan }

when v ¢ Fam. We now use this property to derive (10.55). Let v = A + oo.
Then og ¢ Fam and A € Fam = v ¢ Fam. Using the 2-tuple balance property,

we have

Yeer,, (D@ = S (<) O AT (T ()
= D uern (DTG
= E)\E]F’Qm (_l)f(A) ZHGFQm (—1)T7‘In(“) =0.

The last identity follows from Zuemm(—l)T"T(N) =0.
O

A profile of the randomness of bent function signal sets is presented in Table

10.11. Bent function signal sets can be implemented by the Galois configura-

Table 10.11: n = 4¢, profile of bent function signal sets

Period 2n —1
Number of Sequences in § 2 /2
Cross/out-of-phase
autocorrelation {=1,—1%£2%?}
Distribution of 0-1 balanced for all sequences in S
Linear span < E?:/lll ( 7; )

tion, as shown in Figure 10.7. Compared with the generalized Kasami signal
sets, a 2-level autocorrelation function g(z) is replaced by a bent function f(z).
Furthermore, each sequence in a bent function signal set is a sum of two se-
quences. One is given by f(7Tr2 (z)) and the other by an m sequence with the
trace representation Tr((A+o¢)z) where A € Fam and o¢ ¢ Fam. This structure
results in a completely different 0-1 distribution from the Kasami or generalized

Kasami signal sets.
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bent
Tr;’Ln (:L‘) m-bit f(:t?) 1-bit
Output
9_'
Tr((A + o)) L

Varying A € Fom

Figure 10.7: Galois configuration for implementation of bent function signal sets

Example 10.14 Let n = 8. We will use the same parameters as in Example
8.5 of Chapter 8 in Section 8.2, i.e., [Fys is defined by the primitive polynomial
c(z) =28 +2* + 23+ 22 +1, a aroot of ¢(z), and B = a? (d = 17 ) a primitive

element in Fy:« with minimal polynomial ¢(z) = z* + z + 1.
1. Pick f(z) to be the bent function from Method 2 in Example 10.12, i.e.,
f(x) =Tri(B2®) & {f(B)}12, = 001010010100101
and denote this sequence as d.
2. Set 09 = a ¢ Fas, and
(@) = F(Tr () + Tri (A + @)x), A € Faa.

3. Set

Sx,i = f)\(ai)ai: 07 17"'7

and
4. S:{S)\ | )\EF24}.

We can easily get 16 sequences in S from Example 8.5 in Chapter 8, where we
constructed the GMW sequence of period 255 using the interleaved method.
Let ¢ = {¢;} with ¢; = Tr§(a’) be that m-sequence of period 255, regarded as

a (15, 17) interleaved sequence. We reproduce it here:
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coA=A(a,e) =

00000100011100010
01011100000011001
00100110111001000
00101011011010110
01011000011111011
01111010111010001
00001101100011110
01110011000101101
00100010100101010
01110111011001111
01111110100110011
01010001100000111
01010101111100101
00001001111111100
00101111000110100

where its base sequence and shift sequence are given by

K3

a={Tri(p}, =000100110101111

433

{Tr§(ad) }6:0 o e=(00,2,4,2,8,12,4,0,1,9,9,14,8,5,0, 3, 2).

(Note that the j entry in e is the exponent r of 3 for which 3" = Tr§(a’), and

A; and B; are the ith row vector and the jth column vector of A, respectively.)

Let u = {u;} whose elements are given by

Then

u; = f(Tri(a?),i=0,1,---.

spi =u+ LY (c) + L(c),0 < j < 15, and sg = a+ L(c)

where L is the (left) shift operator. Note that u is a (15, 17) interleaved se-
quence with the base sequence d = 001010010100101 > f(z) and the same shift
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sequence e as the m-sequence c¢. Thus, we have

ue A(d,e) =

where the jth column is the sequence L¢7(d).

spi, 0 < j < 15, is given by

A(d,e) +

In other words, by shifting row vectors in the array form of the m-sequence c,
we obtain all sequences in S except for sg. A profile of the randomness of S is

given in Table 10.12, and the implementation is shown in Figure 10.8.

10.5 Interleaved Construction of Signal Sets

In this section, we present a binary signal set with parameters (v2, v+1,2v+3) in
terms of interleaved sequences. Here we have two choices, namely v = 2" —1 or v

a prime. This is an example of signal set design where the optimum correlation

01110110011100001 ]
00001000100010010
01010101000001101
00100010111100000
00001001000011110
01110110011100001
00001000100010010
01010101000001101
00100010111100000
00001001000011110
01110110011100001
00001000100010010
01010101000001101
00100010111100000
00001001000011110 |

+ [B1, B2, -+, Bis, Bo.

of the signal set is sacrificed to achieve large linear spans.

Therefore, the array form of
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Table 10.12: Profile of S(f) with the bent function f(z) = Tr}(823) (n =2-4)

Period 28 — 1 =255
Number of Sequences in § 16
Cross/out-of-phase
autocorrelation {-1,-1+ 16}
Distribution of 0-1 128 1’s and 127 0’s for each sequence in S
Linear span 24, or 16 for sp = ¢

(note: possible maximum linear span is 32)

|
| |
l l
| |
S A Y e S (0] o S
: a 0 4-bit : C)
I I
! Tri(Az) !
| 1 w Output
L e e e e e e e e e e e - - - o 4 69—>
ojo|lo0j1]J0j0]0Of0O

D
Y

Figure 10.8: The Galois configuration for implementation of the (255, 16, 17)
bent function signal set.
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10.5.1 Constructions of (v?,v + 1,2v + 3) Signal Sets

Procedure 1

1. Choose a = (ag,a1,-+,ay—1) and b = (bo, b1, +,by_1), two binary se-

quences of period v with 2-level autocorrelation.

2. Pick e = (eg, €1, -+, €y—1), an integer sequence whose elements are taken

from Z,, the set consisting of integers modulo v.

3. Construct u = (ug, u1,- -, Uy2_1), a (v, v) interleaved sequence whose jth

column sequence is given by L% (a).
4. Set
8j = (55,00 85,15 75 8j,02-1), 0 < j <w

whose elements are defined by

sj,l-:ui—kbj_}_i or Squ+Lj(b),0§j<’U-

5. A signal set S is defined as

S:{S]’ |j:0717"'7v_1}u{u}'

If the shift sequence e satisfies the following difference condition:

for each 1 < s < v, the differences

€j —€j4s,0 < j < v—s are all distinct

or equivalently,

‘|{ej—ej+s|0§j<v—s}|:v—s, foralll§5<v‘

(10.56)

(10.57)

then S is a (v?,v + 1,2v + 3) signal set. Moreover, the crosscorrelation of any

two sequences in S or the out-of-phase autocorrelation of any sequence in S

belongs to the set {1, —v,v +2,2v + 3, —2v — 1}.

In the following, we show two methods for construction of sequences over Z,

satisfying (10.56) (or equivalently, (10.57)).
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Construction A (Shortened GMW Construction): (v%, v + 1,2v + 3) signal
set where v = 2™ — 1. Let n = 2m and d = 2™ + 1. Select a a primitive element

in Fyn, and set 8 = a?, a primitive element in Fym.

1. Short 2-level autocorrelation sequence b: Select b a binary 2-level auto-

correlation sequence of period v.

2. Long 2-level autocorrelation sequence ¢: Choose g(z) an orthogonal func-

tion from Fym to FFy, and let ¢ = {¢;} whose elements are given by
c; = g(Trﬁl(ai)),i =0,1,---.

Then c¢ is a 2-level autocorrelation sequence of period 2" — 1 from the
GMW construction (see Chapter 8). Thus, a v by d array from {¢;} has

the following form:

cut cut
0 c1 2 e Cd—2 Cd—1
0 Cdy1 Cdy2 e Cdyd—2 azd—1
CcC =
0 cw-—1)di+1 Cw-1)d+2 "' Clu—1)dtd—2 dvd—1

(10.58)

3. Interleaved sequence u: Let U be a matrix obtained from ¢ by deleting the
first and the last columns, i.e., deleting (¢;4, ¢ig4d—1),4 = 0,1,--- Then
U yields a (v, v) interleaved sequence u of period v? whose shift sequence
satisfies (10.57). Note that U has the base sequence given by {g(5!)}, a
2-level autocorrelation sequence of period », and the shift sequence e =

(€0, -+, ey—1) whose elements are given by
ej=e <= Tri () =5 0<j <. (10.59)
Here it is not necessary to actually compute e;.

4. Set
sj:u+Lj(b),0§j<u

and S = {s; | 0 < j < wv}. Then Sisa (v v+ 1,20+ 3) signal set.
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Simple Case. We may select g(z) = Tr{"(z) and b an arbitary binary
m-sequence of period 2™ — 1. In this case, ¢ is an m-sequence of period 2" — 1.
The signal set given by Construction A shortens ¢ by deleting (cai, ¢ia4d—1),¢ =
0,1,--- to obtain the interleaved sequence u with shift sequence satisfying
(10.57). This is a case similar to the Kasami (small) signal set. But here
the short sequence b can be any m-sequence of period 2™ — 1. (Note. In the
Kasami (small) set case, the short m-sequence is completely determined by c,
which is ¢(?, a d-decimation of ¢ where d = 2™ + 1.)

To simplify notation, we may sometimes use the same symbol for an inter-

leaved sequence and for its array form.

Example 10.15 Construct a (49,8, 17) signal set. Let n =6 —> m = 3 and
v = 7. We will use the procedure of the simple case to construct a (49,8, 17)

signal set.
1. Choose b = 1001011, an m-sequence of period 7.

2. We select the same m-sequence ¢ of period 63 as in Example 10.9 for the

Kasami signal set (63,8,9),

—
[v]

b

0000100
1100010
0111101
0111001
1011011
1100110
1011111

I
|
‘cococcc‘

‘»—\»—k»—\@@»—ko‘

3. By deleting the first column and the last column of ¢, which are framed
in the above array, the resulting array gives a (7, 7) interleaved sequence
u which satisfies (10.57), i.e.,

0000100
1100010
0111101
u= | 0111001
1011011
1100110
1011111
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4. Set s; =u+ Li(b): j=0,1,---,6 and S = {s; [0 < j < T} U {u}.

Note that adding L7 (b), b at shift j, to the (7, 7) interleaved sequence u
is equivalent to complementing those columns in u for which the bits in
L7 (b) are 1’s. We illustrate this idea precisely below. Let B; denote a v
by v matrix where the top row of the matrix is L7 (b) and the rest of the

rows are identical to the top row. For example, we have

1001011
1001011
1001011
By = | 1001011
1001011
1001011
1001011

Thus,
s;=u+B;,0<75<T.

We can easily write out the elements of sg and s; from the above arrays

u and By, i.e.,

0000100 T 1001011 ] [ 1001111
1100010 1001011 0101001
0111101 1001011 1110110
so=u+By= | 0111001 | + | 1001011 | = | 1110010
1011011 1001011 0010000
1100110 1001011 0101101
| 1011111 | | 1001011 | | 0010100 |
[ 0000100 ] [ 0010111 ] [ 0010011 ]
1100010 0010111 1110101
0111101 0010111 0101010
si=u+B; = | 0111001 | + | 0010111 | = | 0101110
1011011 0010111 1001100
1100110 0010111 1110001
| 1011111 | | 0010111 | | 1001000 |

There are four 1’s in b, and also in the shifts of b. Thus, there are 4-3+3-4 = 24

1’s and 25 0’s in s;. So, the s;’s are balanced except for u.
Profile of the (49,8, 17) signal set:

1. Period 49.
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8 shift-distinct sequences.

Maximum magnitude of crosscorrelation is 17.

. Crosscorrelation takes five values:

{1,-7,9,17,-15}.

Balance: 25 0’s and 24 1’s in one period of each sequence (except u).

Linear span: 24, except for u with linear span 21.

Construction B: (p?,p+ 1,2p + 3) signal set (p prime).

. Choose a and b from the set consisting of the quadratic residue sequences

modulo p and the Hall residue sequences modulo p if those sequences exist

for such p.

. Choose a, a primitive element of [F,,.

Compute

ej:ajEFp, 0<7<p.

The rest of the steps are the same as in Procedure 1.

Example 10.16 Let p = 11, a prime. Choose

a=b? = (11011100010) and b = (10100011101)

where b is a quadratic residue sequence of period 11. Thus, a and b are two

shift-distinct quadratic residue sequences of period 11. Since 2 is a primitive

element of F11, we then compute e; = 27 (mod 11), 0 < j < 11, as shown below:

e=(1,2,4,8,5,10,9,7,3,6,1).
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From a and e we can construct the interleaved sequence u whose jth column

sequence is L% (a):

10101010101 ]
01110100100
11000111101
11010010011
10011101001
u= | 00100111010
00011110110
01111011000
10110001111
01001001110
11101100011

Therefore
sj=u+Li(b), and S = {s; [0< j < 11} U {u}

which is a (121, 11, 25) signal set. We can easily obtain any sequence in S from
u and b. For example, sg is obtained by complementing the jth column of u at
those j’s such that b; = 1, i.e., complementing columns of j € {0,1,6,7,8, 10}.

Thus, we have

00001001000
11010111001
01100100000
01110001110
00111110100
so=u+b= | 10000100111
10111101011
11011000101
00010010010
11101010011
01001111110

It can be verified that a profile of the randomness of S is as follows :
1. Period 121.
2. 12 shift-distinct sequences in S.
3. Maximum magnitude of crosscorrelation is equal to 25.
4. Crosscorrelation takes five values:

{1,-11,13,25,—23}
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5. Each sequence in S, except for u, is balanced, i.e., there are 61 0’s and 60

1’s in each period of the sequence.

6. The linear span is equal to 120 for s; and 110 for u.

10.5.2 Profile of the Interleaved Constructions A and B

1. Sisa ((2™—1)2,2m+1,1+27m+1) signal set and a (p?, p+ 1, 2p+ 3) signal

set, from Constructions A and B respectively.

2. Crosscorrelation of any pair of sequences in § or out-of-phase autocorre-

lation takes five values:
{1,—v,v+2,2v+ 3, —2v— 1}
where v = 2 — 1 for Construction A and v = p for Construction B.

3. Each sequence in S except for u has (v +1)/2 zeros and (v? — 1)/2 ones.

In other words, all the sequences in § except for u satisfy the balance

property.
4. We denote the linear span of a sequence s by LS(s).

(a) For v = 2™ — 1 in Construction A, the linear span of any sequence

in S is lower-bounded by
LS(s;) > (2™ —1)LS(a)/2 + LS(b) and LS(u) > (2™ — 1)LS(a)/2

when LS(a) > n. Otherwise, LS(s;) = m2™ and
LS(u) = m(2™ - 1).
(b) For v = p, if both a and b are quadratic residue sequences, then the

linear span of a sequence in S is given by

p2-1 for p=7 (mod 8)
IS(s;)=1 .2 =
5(s) { p?—1 forp=3 (mod 8)

and

L(u):{ p(p;I) for p=7 (mod 8)

p(p—1) for p=3 (mod 8).
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10.5.3 Implementation

Construction A, which generates ((2™ —1)2,2™ 41,14 2m+1) signal sets, can be
implemented, as shown in Figure 10.9, by using two binary sequence generators
with 2-level autocorrelation of period 2" — 1 (n = 2m, as a long sequence) and
2™ — 1 (as a short sequence) respectively, together with a shrinking operation:
deleting two consecutive bits for each 2™ + 1 consecutive bits from the 2-level
binary sequence of period 2™ — 1, where one of these two bits corresponds to a

zero column of the array form of the long sequence.

2-level AC
9(x)

TT,T,LQ (:L‘) m-bit 1-bit

Shrinking

Output
o

1-bit

2-level AC b

Figure 10.9: Galois configuration of ((27 — 1)%,2™ 4 1,1+ 2™*+1) signal sets.

For example, the signal set given in Example 10.15 can be implemented as

in Figure 10.10.

shrinking
1‘0‘0‘0‘0‘0}—>0perati0n

output

Figure 10.10: Implementation of the (47,8, 17) signal set in Example 10.15.

Construction B can be implemented via pre-storage of both the shift se-
quence e and the quadratic sequence a (here we choose b = a) for small p (for

example, p < 239).
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10.6 Z, Signal Sets

In this section, we will introduce the design of signal sets where the elements
of sequences are taken from Z4 = {0,1,2,3} (mod 4). This is an example of
signal set design which sacrifices optimum correlation in order to obtain large
sizes of the signal sets, needed in some applications of code division multiple
access (CDMA) communication where the system capacity becomes a crucial
consideration. For the case of m-sequences over a finite field F,, we may use
primitive polynomials over IF, of degree n to generate m-sequences over [, of
period ¢ — 1. Here we intend to generate sequences over Z4 with period 2" —1
in terms of known results on binary m-sequences of period 2" — 1. This leads
to the investigation of constructions of basic irreducible polynomials over Z4 in
terms of primitive polynomials over Fy = Z,. (In this section, we will use Z; for
Fy to emphasize the connection with Z4). In the following, we first present an
algorithm for construction of basic irreducible polynomials over Z4, and then
show a design for Z,4 signal sets with parameters (2" — 1,r,4).

The crosscorrelation of two 74 sequences a and b of period v is defined by
v
Cap(r) = Zwa“+"_b“, 0<r<w
k=0

where w = —y/—1, a primitive 4th root of unity (¢ = +/—1 by convention). We

have the following map from Z4 to the complex number field:

;] 0] 1] 2] 3
wl | 1] —i|—1] i

For example, with a = (0,2,2,3,1,1,0) and b = (3,2,2,1,2,3,1), we have

L] L'(a) —b | Cap(7) [ [Cap(T)]
0/1 0 0 2 3 2 3 i 1
113 0 1 0 3 1 3| 244 V5
213130 2 1 1 i 1
310 3 33 2 3 1| 3 3
412 3 2 3 0 3 2|-2+43i| 13
512 2 2 1.0 0 0 —i 1
61 2 0 1 1 2 0| —3 3
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Definition 10.3 Let g(z) € Z4[z], i.e., g(z) = 2™ + Z?:_OI c;xt e, € Zy, be
a monic polynomial. g(z) is said to be monic basic irreducible over Z4 if the

modulo 2 reduction of g(x),

n—1

(z) =2" + Z(CZ mod Q)xi,

=0

f

is a monic irreducible polynomial over Z.
Example 10.17 Let
g(x) = 2° + 22* + 2® 4+ 3 € Zy[z].
Then
glz)=2"+2>+1

is primitive over Zs, and therefore it is irreducible over Z,. Thus g(z) is a basic

irreducible polynomial over Z4.

10.6.1 Algorithm for Finding Basic Irreducible Polynomi-
als over Z,
Algorithm 10.1 ALGORITHM FOR FINDING BAsic IRREDUCIBLE PoLYNOMI-

ALS OVER Zg4
Input:  f(z), a primitive polynomial over Zy of degree n.
Output: g(z), a basic irreducible polynomial over Z4 of degree n.

Procedure(f, g):
1. Set h(z) = f(x) and regard h(z) as a polynomial over Z4.

2. Compute (—1)"h(z)h(—z), which will be found to be a polynomial of degree

n in 2% over Z4:

9(z?) = (=1)"h(z)h(~2).
3. Return g(z)

4. Quit.
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Example 10.18 Select f(z) = z° + 2 + 1, a primitive polynomial over Z.

Procedure(f, g):
1. Set h(z) = f(x) and regard h(z) as a polynomial over Z,.
2. Compute

(—I)Sh(:ﬂ)h(—m) —(1‘5 +a23+ 1)(—m5 — 34 1)

= 21949228 4+ 2543

— (:L‘2)5 _}_2(1,2)4_}_ (1,2)3_1_3‘
3. Return g(z) = #° + 22* 4+ 23 + 3, a basic irreducible polynomial over Z,.
4. Quit.
This is in fact the basic irreducible polynomial in Example 10.17.

10.6.2 Z, Signal Sets of S(t),t=0,1, and 2

Algorithm 10.2 ALGORITHM FOR (GENERATING Z4 FAMILIES S(0), S(1) AND
5(2)

Input:  f(z), a primitive polynomial over Z, of degree n.
Output:  S(t), Z4 families, t =0, 1,2.

Procedure(f, S(0), S(1), S(2)):
1. Apply Algorithm 10.1 to f(x) for computing a basic irreducible polynomial

9(2) = 2" = 055 g’ i € Za.

2. Generate Fan by f(a) = 0, and compute the minimal polynomials of o>

and o® over Zy:

n—1

foce’(‘/b) = xn+zllmlall €Z27
=0
n—1 )

fas (.Z‘) = 2"+ Z k‘ia?l, k; € Z5.

=0
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3. Randomly select initial states:

(CLOaala ot '7an—1)7ai S Z4a
(bOabla ot '7bn—1)7 bz € Z?a

(coy 1y -y Cno1), i € Za.

4. Generate a quaternary sequence a = {a;} by g(z):

n—1

Ak 4n = Zgiai+kak =0,1,-+-, in Zy,
=0

and two binary sequences b = {b;} and ¢ = {¢;} by fo2(z) and fos(x)
respectively:

n—1

bk+n = Zlibi+kak =0,1,---, in Z3,
=0
n—1

Ck4n = Ekici+kak: 0,1,---, in Z3.

=0

5. Compute a quaternary sequence s = {s;}:
s; = a; + 2ub; + 2ve;, i = 0,1, -+, in Zy

where u and v belong to Z.

6. Return
S(0) = {slu=0,v=0, for all initial states of a};
S(1) = {slu=1,v=0, for all initial states of a and b};
S(2) = {slu=1,v=1, for all initial states of a, b and c }.
7. Quit

We present the sizes of these signal sets and their maximum correlation in

Table 10.13.

Example 10.19 Compute Z4 families, S(i),¢ =0, 1,2 for n = 5.
Input:  f(z) = 2° + 23 + 1, a primitive polynomial over Z, of degree n = 5.
Output:  S(t), Z4 families, t = 0,1, 2.

Procedure(f, S(0),S(1), 5(2))
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Table 10.13: Parameters of Z4 Families

Family | Period v Size r )

(or length)
5(0) 27 — 1 v+2 Vet 1+1
S(1) 2" —1 > v? +3v+2 2V/v+1+1
5(2) -1 | >+ 4l +50+2 [ 4o+ 141

1. Apply Algorithm 10.1 to f(z), to get the basic irreducible polynomial
g(x) = 2% + 22 + 27 + 3 = 2% — (22 + 327 + 1).

2. Generate Fys by o® + a® + 1 = 0, and compute the minimal polynomials

of a® and a® over Z:
fas(z) = 24+ 23+ 22+ 41,
fos(z) = 24+ 2*+ 23+ 4+ 1.
3. Arbitrarily select initial states:
(ao,a1,az,a3,a4) = (1,3,0,0,0),a; € Zy,
(bo, b1, b2, b3, bs) = (1,0,0,0,0),b; € 72,

(60361762363764) = (17 07 07 07 0)7Ci € Z2-

4. Generate a quaternary sequence a = {a;} by g(z):
a=1300011111203303201220212101330
where
Grys5 = 20k44 + 3apy3+ag, k=0,1,--+, in Zg,

and two binary sequences b = {b;} and ¢ = {¢;} by fa,3(z) and fus(z):
b =1000010110101000111011111001001 where
bgt+s = brys + bpyo+ bey1 + b, k=0,1,---, in Z, and
¢ =0000110101001000101111101100111 where

Chin = Chya + Chys+ cpy1 +cp, k=0,1,---, in Z5.
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5. Compute quaternary sequences:

1300011111203303201220212101330 € S(0);

a —
a+2b = 3300031331001303023202030103330 € S(1);
a+2b+2c = 3300211133003303221020232303112 € 5(2).

Now s; = a; + 2b; + 2¢;,i = 0,1, -+, {s;} is a Z4 sequence, whose LFSR imple-

mentation is shown in Figure 10.11.

[1]oJoJofo}
Y mod 2
b;
¢

mod 2

[o[olola[1}-+
2

Q3
t mod 4

Figure 10.11: LFSR implementation of Z4 Sequence {s;} forn =5

|2
®

12
&—(

mod 4

S

(>

The parameters of these signal sets for n = 5 is shown below.

Parameters for n = 5

Family | Period v Size r )
(or length)
5(0) 31 33 4241
S(1) 31 1057 | 8v/2+1
5(2) 31 > 33792 | 1612+ 1

Next we will give an example of a Z4 signal set S(2) whose parameters are
taken from the specification of the scrambling sequences in the 3G standard

(the third generation of mobile communications).

Example 10.20 S(2) Design for n =8
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. Select n =8 and f(z) = 28+ 2° + 23 + 2% + 1, primitive over Z.

. Apply Algorithm 10.1 to f(z), to obtain a basic irreducible polynomial

over Z4 as follows:
g(z) = 2® — (32° + 23 + 32% + 22 + 3).

Generate Fys by f(a) = 0, and compute the minimal polynomials of a®

and a® over Zy (or use the look-up table in Appendix C in Chapter 3):
fos(z) = 22427 +2°+2+1,
fos(z) = 28427 +25 4241,

Randomly select initial states:

(aoaala vt '7“7)76” S 247
(b07 bla o '7b7)a bz S Z27

(607 Cly s C7)7 ¢ € Z2-
Generate a quaternary sequence a = {a;} using g(z):

ak48 = 3apys + ak43 + 3agy2 + 20541 + 3ag, k =0,1,---, in Zy,

and two binary sequences b = {b;} and ¢ = {¢;} by fq2(z) and fus(z)

respectively:

brts = bry7+ brys + bpy1 + b, k=0,1,---, in Zy,

Ch48 = Cky7 + Chp7 + Crpa+ g,k =0,1,--+, in Z3.
Compute quaternary sequences s = {s; }:
s=a-+2b+ 2¢in Zy4

for all intial states of a, b and ¢. This gives the family 5(2), whose

parameters are given by
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Parameters for an S(2) Design, n = 8

Z4 Family | Period v Size r )
5(2) 255 > 16842752 65

The LFSR implementation of Z4 sequence {s;} for n = 8 is shown in Figure

10.12.

2

—{7l6[s[4[3[2[1[0} "~

mod 2

b: 12 Zn(t) CShort 1 'n(l)
—{7[6[5[4[3[2[1][0}—=—R—D Mapper | cgport 2.1(4)

mod 4 s;

D

mod 2

—+7|6|f|4|3|2|1|0b

3

—

mod 4

Figure 10.12: LFSR implementation of Z4 Signal Sets for n = 8

Note.

For sequences with low correlation, Kumar and Helleseth have an excellent
chapter in the Handbook of Coding Theory [102]. For the lower bound on
correlation, see Welch’s work [184], and also Sidelnikov [170]. For the Gold-pair
construction, the Gold case was discovered by Gold [60] in 1969, and a proof for
Corollary 10.1 for the Kasami (large set) case was given by Kasami [110] (1971).
Short proofs for the Kasami decimation d = 2%% — 2% 4 1 were given by Dillon
(see the note for Chapter 9) and Dobbertin [39]. Welch’s and Niho’s cases were
two old, long-standing conjectures in [176] (1970) and [141] (1972), and were
recently proved by Canteaut, Charpin, and Dobbertin [18] and Hollmann and
Xiang [106]. The generalization of the Gold-pair construction was discovered
by Boztas and Kumar [13] in 1992. (A result similar to Theorem 10.1 for the

Kasami exponent with 3k = 1 (mod n) was stated in Chapter 9.)
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For n even, the Kasami (small) set construction was found by Kasami [110].
For the generalized Kasami construction, the case where g(z) = Tr}(z") was
generalized by No and Kumar [144] in 1989, and are called No sequences; the
case where g(z) is an arbitrary orthogonal function was partially generalized by
No, Yang, Chung, and Song [147] in 1997; and this general form appeared in [77].
Bent function signal sets were constructed by Olsen, Scholtz and Welch [150]
in 1982, and the linear spans of these sequences were studied by Kumar [121]
[120]. The proofs for correlation and linear span of the bent functions signal
sets can be found in these papers. For various constructions of bent functions,
see [159] [135] [35] [107] [20].

For the even case n = 2m, there are two more constructions. One is the
Kerdock code construction with parameters (27 — 1,271, 1 4 2*/2), see [137]
[102]. The other chooses the decimation d = 27 4 2(m+1/2 4 1 or d = 27+ 43
where m is odd. For f(z) = Tr(z?), the Hadamard transform of f has exactly
three values: 0, 2™+, Furthermore, 0 occurs 3-27~2 times, 2™ %! occurs 27 3+
2m=2 times and —2™t! occurs 2773 — 2™~ 2 times. This gives signal sets with
parameters (27 — 1,27 + 1,1+ 2™*1) which is not as good as the (generalized)
Kasami case or the bent case. These two decimations were conjectured in Niho’s
thesis [141] and proved by Cusick and Dobbertin [30] in 1996.

For the interleaved construction of signal sets with parameters (v?,v+1,2v+
3), the case where v = 2" — 1 and the column sequences are m-sequences was
constructed in 1995 by Gong [87]. Paterson ([154], 1998) extended this to v = p
(binary case) where the two short sequences a and b are identical, and found
another construction for the shift sequences satisfying the difference condition
(10.57) using a special class of MDS codes. This investigation was further ex-
tended to v = p” — 1 (p-ary case) and v = p (binary case) where the two short
sequences can be different by Gong ([77], 2002). The results using interleaved
constructions A and B and the results on the linear spans of interleaved se-
quences for both binary and nonbinary cases, presented here, can be found in
[77]. (For the linear spans of quadratic residue sequences, see [37].) Z4 signal

sets were constructed by Kumar, Helleseth, Calderbank, and Hammons in their
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IEEE best research paper of 1996 [122]. The results introduced here are from
that paper. The construction of linear recursive sequences over rings was in-
vestigated as early as the 1930’s by Ward [183]. Research along this line has
flourished since the end of the 1980’s.

For the p-ary case where p > 2, the status of the generalization from binary
cases to p-ary cases is as follows. The Gold-pair construction has been extended
to the Gold type decimation d = %(pk +1), and the Kasami-Welch-Trachtenberg
type decimation to d = p?* — p* +1 (ged(k, n) = 1) by Helleseth [100], [99] and
Trachtenberg [176]. Unlike the binary case, here n can be even. For the Welch
and Niho decimations, the Welch decimation was extended to the ternary case
by Dobbertin, Helleseth, Kumar and Martinsen [41], but not to the general p-ary
case. The ternary Niho case was also conjectured by the same authors of [41].
Bent function signal sets for the p-ary case, p > 2, were found by Kumar and
Moreno [123]. For the generalized Kasami (small) set, generalizing the binary

case to the p-ary case with p > 2 still remains open.
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Exercises for Chapter 10

1. Compute all sequences in a (31, 33, 9) Gold-pair signal set by choosing
different a. Give the LFSR implementation for your design.

2. There are 50 users in an indoor wireless mobile communication network

system. The system requires that
(a) the scrambling sequence (binary) used by each user is shift distinct
from the other users;
(b) each sequence is balanced with length 127;
(c) the maximal crosscorrelation between any two of these sequence is
17.

Design a signal set which satisfies these requirements.

3. Design a Kasami set with parameters (63, 8, 9) by using a different design

from the example shown in the text.

(a) Give the LFSR implementation.
(b) How many shift sequences are in this Kasami set?

(¢) Compute the 0-1 distribution for each signal in the Kasami set and

cross correlation for one pair of the signals.

4. A CDMA system needs to employ a signal set with a period of at least
1024, and the maximal value of the crosscorrelation of the signal set is less
than 80. How many such designs are there? Give the parameters for each

of these design.

5. Randomly choose four binary m-sequences of period 31, and compute the
crossorrelation of each pair of these m-sequences. What is the smallest

maximal crosscorrelation value for all pairs?
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6. Can you give a non-trivial bound for the maximal crosscorrelation of any

pair of binary m-sequences of degree n?

7. Let
e=(2,4,2,8,12,4,0,1,9,9,14,8,5,0, 3).

Then e satisfies the difference condition (10.56). Using e as the exponent
sequence, construct an interleaved signal set with parameters (225, 16,
33). Give the sequence u and one of the sequences in this signal set (not

u) in their matrix forms.
8. Design an interleaved interleaved signal set with parameters (49, 9, 17).

(a) Give an LFSR implementation for your design.

(b) Compare your design to a Kasami signal set having a similar param-

eters.

(c) For any pair of sequences in your interleaved signal set, find out the

shifts which yield the maximal crosscorrelation value 17.

9. Research Problem: For an interleaved signal set with parameters (v2, v +
1,2v43), the crosscorrelation of any pair of the sequences in the signal set
or the out-of-phase autocorrelation of any sequence in the signal set will be
reduced to the set {1, —v, v 42}, if the shift sequence e = (eg, €1, -+, €y_1)

satisfies the following condition: for all 1 < s < v,
Hej —€i4s [0<j <v—stU{ev_syj —g5—1lv—s<j<uv} =

Does such a vector e exist? For small values of v, exhaustively search for

such vectors e.
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